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Synopsis 
A special problem arises when (i) the tailings 
deposited behind an embankment are impermeable relative 
to the embankment, and (ii) the depth of tailings becomes 
large. Under these conditions, the seepage discharge 
into the embankment from free water above the tailings 
depends on the conditions in the region of the interface 
between the free water and the embankment. A mathematical 
model for this region is given and a solution procedure 
based on the inverse problem and the use of the finite 
difference method is described. Numerical results for 
a range of embankment slopes between 25 degrees and 66 
degrees are presented. 
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1. 
1. DESCRIPTION OF PROBLEM 
1.1 The Physical Problem 
The waste materials from coal washing plants are 
generally pumped in a slurry to ponds retained by embankments. 
The fine solids, called tailings or slimes, settle out and 
water from the slurry and from runoff in the catchment above 
the embankment may collect above the tailings. Some of this 
water will flow, as seepage, through the embankment. Seepage 
analyses of tailings dams are necessary for a number of reasons. 
The most common is that the seepage pore pressure is required 
for stability analyses of the embankments. 
If the tailings deposited behind the embankment of 
a tailings dam are impermeable (relative to the embankment) , 
the situation shown in Figure 1 can arise when the depth of 
tailings becomes large and free water above the tailings is 
in contact with the upstream face of the embankment. The 
seepage discharge is controlled by conditions in the region 
of the interface between the free water and the embankment. 
The lower zone of saturated seepage in the embankment is so 
far below the interface that it has no effect on the seepage 
discharge. The problem is the determination of the two­
dimensional seepage discharge, q, given the depth of free 
water, d, the permeability of the embankment, k, and the slope 
of the upstream face of the embankment, a. 
free water· 
impermeable 
tailings 
FIGURE 1 
embankment 
saturated flow zone 
' � 
impermeable foundation 
Tailings dam with impermeable tailings 
2. 
1.2 Mathematical Description of Problem 
It is assumed that saturated seepage occurs in the 
entry region within the embankment (see Figure 2) and that 
the seepage flow is contained within a 'plume' with boundaries 
AD00, CD00 along which the pore pressure, p, is zero (i.e. 
atmospheric). 
Z=X+iy 
9J = -ky 
ljJ 
=0 
D"' 
1-
FIGURE 2 
qJ-OJ 
b 
9J =-ky 
ljJ =q 
The entry zone 
3. 
A velocity potential function, �. is defined by 
- k (____!2_ + y) pg (l) 
in which p is the density of water and g is the acceleration 
due to gravity. � is a stream function. The components of 
the seepage velocity are given by 
u (2) 
v (3) 
Values of � and � along the boundaries of the plume are shown 
in Figure 2. Within the plume, � and � satisfy the Laplace 
equation. 
Solution of the problem in the z plane (z = x + iy) 
i.e. the physical plane, requires (i) the calculation of � 
and � to satisfy the Laplace equation within the region and 
the boundary conditions around the region boundary and (ii) 
the location of the boundary segments AD00 and CD00• A numerical 
solution of the problem on the z plane is feasible but could 
be expected to present some difficulties. Another approach 
to the solution of the problem is through the use of complex 
variable theory. A third approach, the one adopted for this 
report, is the solution of the inverse problem on the w-plane 
(w = � + i�) 
• 
1.3 The Inverse Problem 
The entry zone maps into a semi-infinite strip on 
the complex potential or w-plane as shown in Figure 3. The 
geometry of the region of analysis is fixed in this plane and 
the difficulties associated with initially unknown boundaries 
are removed. The solution on this plane requires the calculation 
of values for x and y at points (�, �) on the w-plane, i.e. 
the evaluation of z as a function of w, z = f(w). 
4. 
FIGURE 3 The entry zone mapped on the W-plane 
2. FORMULATION OF INVERSE PROBLEt� 
2.1 Governing Differential Equations 
Hence 
Since dz/dw is single valued, 
a 2x 
aq,2 
ax ay 
a¢ 
aw 
a 2x + --
aw2 
� + � 
aq,2 aw2 
0 
0 
(4) 
(5). 
(6) 
(7) 
i.e. x and y each satisfy the Laplace equation within the 
region of analysis on the w-plane. 
2.2 Boundary Conditions 
5. 
If s, n are orthogonal axes in the z-plane and 
acp 
= 0, lines of constant � are normal to lines of constant as "' 
s. Since the transformation z = f(w) is conformal, this 
os property also applies in the w-plane where � must be zero. 
Along AB in the z-plane, <P o and acp;os = o if s 
is taken in the direction from B to A (see Figure 4). 
FIGURE 4 Definition of s and n directions 
along ABC 
Since os ox cos a + oy sin a 
ox 3y 
� cos a + � sin a 
along AB in the w-plane 
and 
y x tan a 
as and� 
0 
0, 
(8) 
(9). 
Along BC, a1j!jas 
Hence 
and 
6. 
0 (z-plane) or as;a1)! 
ax lY 3\jJ cos a + a1)! sin a 
y x tan a 
0 (w-plane) . 
0 
The boundary conditions for AB and BC require that, at B, 
ax lY ax ay 0 � acp 3\jJ 3\jJ 
Along AD 
00 
and CD 
oo' 
y - cjl/k 
and 
ax ay 1/k 3\jJ � 
Along D D 
oo' p 0' cjl = - ky, hence 00 
y - cjl/k 
ax 0 � 
(10) 
(11). 
(12). 
(13) 
(14). 
(15) 
(16). 
The boundary conditions given by Equations 8 to 16 
and the condition that, at A, x = y = 0 are sufficient to 
define uniquely the mathematical problem on the w-plane. The 
solution requires the simultaneous solution for x and y and 
the determination of the position of point C. 
Instead of the difficulties associated with the 
calculation of the profiles AD00 and CD00 in the z-plane, the 
somewhat easier problem of the calculation of the position 
of point C occurs in the inverse problem. 
... 
3. NUMERICAL SOLUTION 
7. 
3. 1 Finite Difference Formulation 
For the numerical solution, the boundary conditions 
at D00 are applied at the boundary D1 D2 for a finite value 
of�- The boundary conditions are shown in Figure 5 . 
X = y = 0 
y = X 
ax 2i_ . � COS a + a� Sln 
tan a} 
a = 0 
lA\11 ax y <t>/k, a·'· = 1/k 0 �----------�o/----------� 1 
�=2i...= a� al/! 
2i...=�= a¢ al/! :} �B--------�C--------------�0-2----� 
,.-----/'--.. 
y = - �/k y = x tan a 
2i_ . ax 
alj! Sln a +  a� COS a = X 
ax = 1/k al/! 
FIGURE 5 Boundary conditions for numerical solution 
If L (= d/sin a) is the length of the wetted face 
AB (see Figure 2), dimensional analysis shows that 
q/kL f (a) (17) 
Therefore, for any given a, if q and k are chosen arbitrarily, 
the value of q/kL will be determined when L is found. In 
the calculations performed q = 1.0 and k = 0.1 were 
arbitrarily adopted. 
8 0 
Because the region of solution is a rectangle, the 
solution is readily formulated in terms of finite differences. 
A square grid with 6¢ = 6¢ is adopted. A typical portion 
of the grid within the interior of the solution region is 
shown in Figure 6. 
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FIGURE 6 
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Definition sketch for 
FD equations 
At an interior point 0 (see Figure 6), the finite 
difference approximations to the Laplace equations for x 
and y yield 
1 (x + X + X + X ) X 4 0 1 2 3 4 
(18) ' 
1 
(y + y + y + y ) yo 4 1 2 3 4 
(19) 0 
The first derivatives at point 0 are approximated by 
expressions of the form 
[��] 
X - X 
::: 1 3 
0 2 6¢ 
(20) 0 
3.2 Boundary Conditions 
9. 
Segment AB: If point 0 lies on the boundary, the 
FD form of Equation 8 becomes 
(x - x ) cos a + (y - y ) sin a = 0 
1 3 1 3 
Equation 21 may be rewritten as 
x
3 
cos a+ y 
3 
sin a X1 COS C! + y 1 sin a = c 
Equations 18 and 19 may be rewritten as 
4 X - X X + X + X a 
0 3 1 2 4 
4 y
o 
- y y
l 
+ y
2 
+ y
4 
b 
3 
Equation 9 gives 
y
o 
X tan C( 
0 
(21). 
(22) • 
(23)' 
(24) • 
(25) • 
Equations 22 to 25 are used to compute new values for x
0
, y
0 
in terms of x , y , x , y , x , y . For the calculations 
1 1 2 2 4 4 
the equations are rearranged to give 
b + c - tan a sin a a 
X (cot a+ tan a) ( 26) ' 3 
y ( x - X ) cot a+ y 
1 
( 27) ' 
3 1 3 
1 
( a + ) (28)' X 
4 
X 
0 3 
1 
( b + ) (29) • yo 4 
y 
3 
Point B: If point 0 is at B, the FD approximation 
to the boundary conditions at B give 
X (30) 0 
( 31). 
10. 
Segment BC: The FD equations for x and y at points 
along BC are derived in a manner similar to that for points 
along AB. 
Segment AD1 : FD approximations to Equations 13 and 
14 are used and, if point 0 lies on the boundary, yield 
X 
0 
- 1jJ /k 0 
+ x + 2x 2 4 (32)' 
(33) . 
Segment CD2: The boundary conditions are the same 
as those along AD1 and the equations use for x0
, y
0 
are 
Equation 33 for y
0 
and 
X 
0 
+ X 
3 
2111)!) k (34) • 
Segment D1 D2: If point 0 lies on D1 D2, the 
boundary conditions (Equations 15 and 16) yield Equation 33 
for y
0 
and 
X 
0 (35). 
Point D1: The boundary conditions for AD and for 
I 
D D must be satisfied at D . The result for x is 
1 2 1 0 
X 0 
1 
2 (x, 
+ X 
4 
+ 111)!) k 
Point D : This point is similar to D and the I 
equation for x is 
0 
X 
0 
1 ( + - 111)!) 2 x2 x, k 
Point A: 
X 0 
0 
(36) • 
(37) • 
( 38) • 
11. 
Point C: The method adopted to determine the 
location of point C and the manner in which the boundary 
conditions at C are satisfied is described in the following 
section. 
3.3 Solution Procedure 
The objective in any particular solution is the 
equation evaluation of q/kL for a given value of a. With 
values for q and k chosen arbitrarily (see Section 3.1), a 
value for L, given a, is sought. The position of point C 
along the �-axis is initially unknown and must be found 
during the solution. 
If a is specified, the final position of C may not 
coincide with one of the FD grid points. Since it is convenient 
to have C at a grid point the following procedure is used: 
(i) 
(ii) 
(iii) 
specify a value for a 
assume a location for C (at a grid point) 
solve the FD equations using the boundary 
conditions for BC at C 
(iv) compare the calculated value of y at C with 
the value of - �/k at C (y = -�/k is a 
boundary condition for CD ) 
2 
(v) adjust the location of C (to another grid 
point) . 
Steps (iii), (iv), (v) are repeated until the best grid point 
for C is found for the initially specified value of a. Then 
(vi) 
(vii) 
adjust the value of a 
solve the FD equations using the boundary 
conditions for BC at C 
(viii) compare the calculated value of y at C 
with the value of - �/k at C. 
If the two values agree (within a reasonable tolerance) the 
12. 
solution has been obtained. If they do not agree, repeat 
steps (vi) , (vii) , (viii) . 
The value of L is found from the solution for x or 
y at point B since 
L 
3.4 Implementation 
(39) . 
The solution procedure has been implemented in a 
FORTRAN Program run on the PDP-10 computer at the University 
of Queensland. The program execution is controlled by the 
user via a remote terminal. In particular, the user is 
responsible for steps (i), (ii), (iv), (v), (vi) and (viii) 
in the solution procedure (Section 3.3). The computer program 
is used for steps (iii) and (vii), i.e. the solution of the 
FD equations subject to the stated boundary conditions. The 
accelerated Gauss-Siedel method is employed for the solution 
of the equations. 
3.5 Results 
Five analyses were carried out. The results are 
summarized in Table 1 and plotted in Figure 7. 
TABLE 1 Summary of results from FD analyses 
<P at a SL.. Yc L'llji,L'Icjl DlD2 - - L Run 'IT kL 
(1) (2) (3) (4) (5) 
1 0.10 5.0 0.2326 1. 740 0.870 
2 0.05 5.0 0.2283 1. 727 0.864 
3 0.10 5.0 0.3094 1. 736 1.215 
4 0.10 5.0 0.3672 1. 677 1. 509 
5 0.05 2.5 0.1372 1. 623 0.418 
13. 
2 I I I I 
q� 
.9.._ ..... X kL 
X/ 
1 - x/.,ll 
- Yc 
/ 
-L-
� 
X 
0 I I I I 
0 0.1 0.2 0.3 0.4 
a/n 
FIGURE 7 q/kL, - yc/L as functions of a/TT 
If the error at point c is defined by 
e = IYcl - I<Pc
/kl 
I<Pc/kl 
-
-
-
0.5 
(40), 
the value of e for the final results in all test was approx­
imately 0. 0001. 
14. 
The results from Runs 1 and 2 show the effects of 
mesh grading. The differences between the two sets of 
results are considered negligible for practical applications 
and a grid spacing of L'><j> = L'>lj! = 0.1 was used for Runs 3 
and 4. As a reduces, point C moves closer to B. In Run 5 
the smaller grid spacing was used to give a reasonable number 
of grid points between B and C. 
The plume profile (i.e. the streamlines ljJ = 0 and 
ljJ 1.0, the streamline ljJ = 0.5 and the potential lines for 
<P 0, 0.5, 1.0, 1.5, 2.0, plotted on the z-plane from the 
results of Run 1, are shown in Figure 8. The initial decision 
to put D1 D3 at <P 5.0, corresponding to y = - 50.0, was 
arbitrary. The results from Run 1 indicate that locating 
D1 D2 at <P = 5.0 is conservative. Along <P = 2.0, y varies 
from - 20.0 to - 20.0084 and the plume width is 9.982 compared 
with the exact value at Doc Doc which is 10.0. (At Doc Doc, the 
plume width must equal q/k). These results suggest that 
D1 D2 could be located at <P = 2.0 without significantly 
altering the solution values. 
4. CONCLUSION 
A proposed mathematical model of the entry region 
for seepage into an embankment from free water above impermeable 
tailings is described. The problem is formulated as an inverse 
problem on the complex potential plane and a solution procedure 
based on the finite difference method is developed. Numerical 
results are given for a range of embankment slopes between 
25 degrees and 66 degrees. 
15. 
y 
<P = 1 0 
\11=0 . \11=0,5 
<P = 1 , 5 
<P= 2,0 
FIGUP� 8 : Plume geometry, run 1 
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APPENDIX A. 
Symbol 
a,b,c 
d 
e 
g 
k 
L 
n 
q 
s 
u 
v 
w ¢ + iljJ 
x,y 
z = X+ iy 
a 
p 
¢ 
ljJ 
16. 
NOf··JENCLATURE 
defined by Equations 22 to 24 
depth of free water 
error term defined by Eq. 40 
acceleration due to gravity 
embankment permeability 
length of embankment face in contact with free water 
direction normal to a boundary 
two-dimensional discharge 
direction parallel to a boundary 
velocity component parallel to x axis 
velocity component parallel to y axis 
complex potential 
cartesian coordinates of the physical plane 
the physical plane 
slope of the embankment 
density of water 
velocity potential function 
stream function 
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